Abstract. We discuss different classes of van Stockum spacetimes which are stationary and axisymmetric spacetimes of dust rotating rigidly on trajectories of the time translation Killing vector. The flow has no Newtonian limit. Asymptotically flat solutions are not physically viable. As an example we construct a sequence of asymptotically flat internal multipolar solutions. The corresponding sequence of smooth internal multipolar solutions might be matched onto external vacuum and asymptotically Kerr metrics. We give an argument for the existence of a class of finite mass spacetimes with compact hypersurfaces of constant time homeomorphic to S 2 × S 1 .
Introduction
We investigate stationary, cylindrically symmetric and asymptotically flat solutions of self-gravitating dust moving on trajectories of the time translation Killing vector ξ. The most general line element is necessarily of van Stockum class [1] , therefore, we shall name the motion van Stockum flow (a particular solution was examined also by Bonnor [2] ). Such flow is evidently rigid and has a constant angular velocity Ω = 0 with respect to distant inertial observers. Yet nonintuitive is the fact that vorticity scalar ω of the flow varies from point to point. This is in contrary to what one would expect in Newtonian dynamics when a rigid rotation with a constant angular velocity Ω implies that ω is also constant and ω = Ω. This shows that van Stockum flow is ultra-relativistic. Linear velocity of the flow is numerically equal to the velocity of dragging of inertial frames.
We show that general asymptotically flat space-times of van Stockum class are physically unviable. Asymptotically flat solutions with integrable (positive almost everywhere) energy density must contain singular sources of negative mass and total mass of the spacetimes must be zero. In spite of that, total angular momentum can be still nonzero.
The model has an infinite sequence of asymptotically flat, stationary, and cylindrically symmetric external multipolar solutions. The solutions provide a basis in which other asymptotically flat solutions can be decomposed. There exist also the corresponding infinite sequence of smooth internal multipolar solutions. Energy density of all the solutions is not globally integrable, and the resulting spacetimes contain regions with closed time-like curves, however. We give an argument for the existence of a class of finite mass van Stockum spacetimes with compact and positive curvature hypersurfaces of constant time, which are topologically equivalent to S 2 × S 1 .
Van Stockum flow
We are interested in finding asymptotically flat spacetimes of axisymmetric and stationary flow of dust on trajectories of the time translation Killing vector. A theorem proved in [3] asserts that there exist a coordinate system in which the line element of the spacetime can be sought in the general form (2.1)
and that the structure functions V , K, Ψ and Λ are functions of ρ and z only. In these coordinates the Killing vectors of time and axial symmetry, ξ and η, attain the particularly simple form ξ µ = δ µ t and η µ = δ µ φ , that is, ξ µ ≡ (dt) µ and η µ ≡ (dφ) µ . In general, any linear combination αξ + βη, with constant α and β, is a Killing vector. Asymptotically, however, one requires ξξ → −1 and ξη → 0, that is, V → 1 and K → 0, which allows ξ and η to be identified uniquely (we denote by xy the scalar product x µ y µ ). This also shows that the coordinate system is non-rotating with respect to asymptotic stationary observers, otherwise (dt) µ and (dφ) µ would not be asymptotically orthogonal.
2.1. Characteristics of van Stockum flow. Stationary and axisymmetric flow, described by four-velocity field U , is fully determined by specifying a single function Ω of two variables ρ and z:
provided ξξ + 2Ωξη + Ω 2 ηη < 0, where Z(Ω) is a normalization factor. In an asymptotically flat spacetime, Ω is the angular velocity with respect to 'fixed stars'. This absolute meaning of Ω is possible thanks to ξ and η are then unique, and that Ω is a scalar as a combination of scalar products, thus a coordinate independent entity. For arbitrary U , the corresponding Ω = Ω U is given by
Being geometrically distinguished, two classes of motions are particularly important, namely, the congruence of stationary observers for which U = u ≡ ξ|ξ| −1 (Ω u ≡ 0), and the congruence of locally non-rotating observers U = n for which n(Ω n )η ≡ 0, that is, who are dragged with angular velocity
with respect to asymptotic stationary observers. By a direct calculation in coordinates, one can show that vorticity vector 1 vanishes identically for the congruence, hence the 1 A tensor field ∇µuν has a unique algebraic decomposition in the subspace orthogonal to a fourvelocity u: the symmetric and traceless part σµν = name 'locally non-rotating' (in static spacetimes locally non-rotating and stationary observers are identical as ξη ≡ 0). Van Stockum dust moves on trajectories of stationary observers, that is, u = Zξ and Z = Z(0), as so the flow is rigid. Indeed, Killing equations imply that
on the basis of the time translation symmetry, while a projection of the tensor equation onto the subspace orthogonal to u gives zero. Therefore, the expansion and the shear tensor of the flow vanish identically. This is another way of seing that the angular velocity Ω u is constant, and in fact Ω u = 0 with respect to asymptotic stationary observers. In Newtonian dynamics this would imply that vorticity scalar ω u should vanish identically, as well. Relativistically, this is not true. By a direct calculation in coordinates one can show, using scalars formed from ξ and η, that
Owing to nonzero angular momentum carried by dust, space distorts and winds about the z axis with the angular velocity Ω n of dragging of locally non-rotating observers n. The nonzero ω u can, therefore, be viewed as originating from a complicated flow of space round dust particles that are at rest with respect to remote stationary observers. The dragging is differential and non-expanding, as for the n congruence
Angular velocity of dust relative to the n observers is −Ω n , thus the physical linear velocity of dust (on the hypersurface orthogonal to the vector field n, calculated as v u = tanh χ, where cosh χ = nu), reads
As we shall see later, ω 2 u is also proportional to the energy density of van Stockum flow.
Equations of van Stockum flow.
Einstein's equations and the contracted Bianchi identities imply that dust matter, with energy density D(ρ, z) and stress tensor T µν = Du µ u ν , moves continuously along geodesic paths, that is, ∇ µ (Du µ ) = 0 and u ν ∇ ν u µ = 0. Since u = Zξ, ξ µ ∂ µ D(ρ, z) = 0 and, as we have shown, van Stockum flow is non-expanding, the continuity equation is satisfied identically. The Killing equations and time symmetry of Z give
As u µ u µ ≡ −1, the first term is zero, while the second gives constant Z. This, in turn, implies that V is also constant, and without loss of generality we may set V = 1.
By defining
ν , one can check that for pressureless perfect fluid K µν (T µν − T g µν /2) = 0, thus Einstein's Equations imply that K µν R µν = 0. This puts another constraint on structure functions, namely 0 = K µν R µν = ρ∂ ρ Λ 2ΛΩ 2 which implies that Λ = Λ(z), while the form of the line element 2.1 allows in this case for redefining the z variable by setting Λ(z) = 1. We have thus shown that the line element of van Stockum flow reads
The structure function K has the physical interpretation of angular momentum per unit mass element K(ρ, z) ≡ uη of van Stockum dust, if only η is space-like. Note, that ηη = ρ 2 − K 2 may become negative. In such regions spacetime is nonphysical, giving rise to closed time-like curves.
In deriving the line element Van Stockum worked in a co-moving reference frame of dust, simultaneously assuming in that frame a general line element in a form equivalent to 2.1 [1] . As coordinates in the line element had been already adapted to Killing vectors, it is clear there were no room left for circular motion other than rigid. In other words, the coordinates in 2.1 form a co-moving frame of observers rotating rigidly (that is, with the same constant angular velocity); in asymptotical flatness the frame is identical to the co-moving frame of stationary observers.
For van Stockum flow u µ = ξ µ (ξ is unit and everywhere time-like). Let
Integrability condition Ψ ,ρz = Ψ ,zρ requires that K should be a solution to the linear elliptic equation
Substitution of 2.4 and 2.5 to E µ ν nullifies all components, apart from E t t and E t φ which imply finally that for C 2 solutions (2.6)
3. General properties of solutions 3.1. Asymptotically flat solutions. We shall denote by I a set of irregularity points of van Stockum flow, that is, the set where the elliptic equation 2.5 is not satisfied. Solutions of the equation resemble harmonic functions, in particular, the theorem of existence and uniqueness and the maximum (minimum) principle apply. From the theory of elliptic equations it follows that I has the Lebesgue measure zero in the (ρ, z) plane. There is no global and asymptotically flat van-Stockum spacetimes, that is, Einstein's equations cannot be satisfied globally if K ∼ 2Jr −1 sin 2 θ as r → ∞. For if one assumes that D is integrable, then for C 2 solutions of 2.5 we obtain
in virtue of the Stokes theorem applied to a compact and simply connected subset V R ∈ R 2 with boundary being a two-sphere S R of radius R. Asymptotical flatness implies in spherical coordinates that K ∼ 2Jr −1 sin 2 θ for r > r o and r o sufficiently large. Assuming R > r o the surface integral to the right is negative and tends to 0 as R → ∞, while the volume integral to the left is positive (it would be zero only for D ≡ 0 in V R , a flat solution), a contradiction. Thus K, and so, Ψ is not C 2 everywhere in V R , hence I = ∅, or D is non-integrable. Equation 2.6 was derived under the assumption that 2.5 was satisfied. In fact, at least for asymptotically flat spacetimes, D contains nonphysical sources of negative mass localized in I. Total mass of an asymptotically flat and stationary spacetime is defined as a limit [3] 
For any asymptotically flat van Stockum spacetime this limit is zero
In view of the definition, I is a source of negative mass that cancels exactly the overall positive contribution to M from the regularity region R 2 \ I. The negative mass sources distributed in I should be ascribed to the stress tensor, thus also to the energy density D. If such generalized D was integrable, the negative finite mass sources should be interpreted as generalized functions, similarly to what is done when point or surface mass sources are considered in classical gravitation. Note, however, that because of the scalar identity R = 8πD, I is also a set of space-time singularity points where the scalar curvature is divergent or where the scalar does not even exist (we shall give later some examples). For such solutions one may cut off some neighborhood J ⊃ I of I and replace it with a piece of another spacetime, e.g. with a flat one, to obtain another asymptotically flat spacetime of external van-Stockum flow. As total mass must be zero, the boundary of J must become a new source of negative mass to balance positive masses of the external flow. Thus again the resulting asymptotically flat spacetime cannot be physical.
General stationary and axisymmetric vacuum line element is defined by two functions and one quadrature, hence it has one more degree of freedom than the van Stockum metric. It seems therefore likely, that a class of smooth solutions might be matched onto external vacuum metrics, and to achieve this one could use internal multipolar solutions which we construct later. In this way one would obtain physical and asymptotically Kerr spacetimes of bounded and rigidly rotating dust bodies.
3.2. Spatially compact solutions. Note the interesting fact that for C 2 van Stockum solutions
where K is the Gauss curvature
of a two dimensional space M with the line element e 2Ψ dρ 2 + dz 2 . This is a direct consequence of taking the trace of Einstein's equation in the subspace orthogonal to u ( E µν h µν = 0 where h µν = g µν + u µ u ν ), which gives
and using the result in equation 2.6. Physically viable are only solutions with D ≥ 0, thus with nonnegative Gauss curvature of M. The flat solution is global and unique, therefore we assume that D > 0, thus also K > δ > 0, where δ is a positive constant. In addition, we assume that the spacetime, and so the M, is metrically complete. The Bonnet theorem states that a metrically complete Riemannian two-space M with a positive Gauss curvature, K > δ > 0, is compact and its diameter is not greater than π/ √ δ. One can show that M is then a topological sphere. For if M is compact, the Gauss Bonnet von Dyck theorem asserts that
where g is the genus, a nonnegative integer. It follows from the inequality that the only possibility is g = 0 -a topological two-sphere S 2 . Physical space of such solutions would thus have the topology of the set S 2 × S 1 . The question we left open is the problem of their existence.
3.3. External and Internal multipolar solutions. A simple, albeit nonphysical, class of solutions to equation 2.5 can be found by transforming to spherical coordinates ρ → r sin θ, z → r cos θ and by substituting K(r, θ) = R(r)Y (cos θ). There exist three classes of fundamental solutions of which radial and angular amplitudes satisfies equations r 2 R ′′ (r) = λR(r) and
For example, the i) class contains x-analytic, i.e. external (R = r −n ) and internal (R = r n+1 ) multipolar solutions. External solutions read 
With the exception of the monopole n = 0, external solutions yield asymptotically flat spacetimes, however they have pathological singularity in the center and D is not globally integrable. For example, the external dipole (n = 1)
analyzed by Bonnor [2] , has its mass density bounded from below by a 4 / 2πr 6 , thus non-integrable and formally infinite. The contribution from the singularity to total mass is formally −∞ to have M = 0 overall.
Another non-physical property of multipolar solutions is that they do not satisfy globally the condition |K(ρ, z)| ≤ ρ. In particular, the external dipole is such inside the region bounded by ρ = a √ sin α sin α, z = a cos α √ sin α, α ∈ (0, π). In the region the axial symmetry Killing vector η is time-like, as so, the region contains closed time-like curves.
3.3.1. An example. In virtue of linearity and z-translation invariance of 2.5, any superposition of known solutions and its z-derivatives of any order, are also solutions. As an example we may calculate the integral − a −a a −1 sdsK(ρ, z − s), where K is the For r finite and sufficiently large the mass function is negative and behaves as M (r) ∼ −4a 4 / 27r 3 < 0. The function tends to 0 as r → ∞, which confirms our previous result. Similarly, the total angular momentum of an asymptotically flat and stationary spacetime is
and for K a we again obtain J = a 2 /3. Solutions to equation 2.5 can be also sought via integral transforms, for example,
generate z-symmetric solutions; J 1 and K 1 are Bessel functions. To give an example, the external dipole solution ρ 2 r −3 hasK J (λ) = 1 andK K (λ) = 2/π.
Conclusions
There exist no asymptotically flat van Stockum spacetimes with integrable and everywhere positive energy density. Asymptotical flatness implies zero total mass and the existence of singular and negative mass sources of measure zero that compensate positive masses distributed in regularity regions (some of the solutions may have nonzero total angular momentum, nevertheless). The disadvantage can not be cured by replacing "badly behaving" regions with other internal spacetimes. To illustrate pathological properties of such solutions we have constructed an infinite sequence of smooth and asymptotically flat multipolar solutions that possess internal regions where closed time-like curves are present and which have non-integrable energy density in the center. There exist also an infinite sequence of the corresponding multipolar solutions that are not asymptotically flat. The latter solutions might be matched onto external and asymptotically Kerr metrics, giving rise to global spacetimes of internal rigid flows along trajectories of the time-like Killing vector. We have shown also that there should exist a class of van Stockum spacetimes of finite mass of which hypersurfaces of constant time would be compact with the topology S 2 × S 1 . It seems that van Stockum spacetimes are of minor importance to astrophysics, the more the van Stockum flow has no newtonian limit (if it had its physical orbiting velocity would be several orders of magnitude greater than the value of velocity of dragging of inertial frames, while it is not, and in fact, is equal to it).
